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Abstract 

We discuss the incorporation of quarks in the fundamental representation of the color group 
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a class of flavored AdSn+i x black hole solutions. In particular we write down the flavored 
AdSQ and AdS^ black holes and the near extremal AdS^ x backgrounds. We analyze several 
gauge dynamical properties associated with these models. 
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1 Introduction 



The program of constructing the string theory holographic dual to QCD has made a 
significant progress in recent years. However, there are still several major open questions 
that have to be addressed. These include in particular the following two challenges: 

• A full understanding of the consistent incorporation of fiavored quarks in the fun- 
damental representation of the color group; 

• Cleaning the spectrum from the undesired KK modes associated with the compact 
transverse directions. 

In this paper we address these two issues in the context of non-critical (spacetime dimen- 
sion less than ten) string/gauge dualities 

The identification of the particles of confining gauge theories in their dual supergravity 
(string) models can be achieved using the following three different approaches: 

1. For gravity backgrounds that incorporate bulk fields which correspond to the as- 
signed states of the boundary gauge theory, one computes the spectrum of the 
fluctuations of those bulk fields and deduces from it the spectrum of the dual par- 
ticles. 

2. For states of the gauge theory that do not have associated bulk fields in the dual 
gravity theory, one introduces probe branes in such a way that their fiuctuations 
play the role of the desired states. 

3. For states of spin higher than two one has to go beyond the gravity limit and 
consider string configurations that describe the particles. 

A prototype of the identification of the first kind is the four-dimensional glueball spec- 
trum extracted from the fiuctuations of the dilaton (and other fields) in confining back- 
grounds in], such as the model based on near extremal D4 branes. 

To dualize the fundamental quarks one can either derive a string theory or its grav- 
ity low-energy effective action that incorporates fields dual to the quarks or else use 
approach 2 of introducing fiavor probe branes. Since most of the known supergravity 
backgrounds do not incorporate fields dual to fundamental quarks, it was the idea of [7] 
to introduce probe branes in such a way that strings stretching between them and the 
original branes have the properties of fiavored fundamental quarks. In the original model 
[7] Nf D7 probe branes were incorporated in the AdS^ x supergravity and the strings 
between the D3 and D7 branes were the duals of hyper-multiplets of the resulting N=2 
SQCD theory in the fundamental representation of both the color and flavor groups. 
The fluctuations of the probe branes were shown j8j to correspond to the mesons of this 
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theory which is in a Coulomb phase. The first attempt to describe mesons of a confining 
gauge theory was made in [Hj where D7 probe branes were introduced into the Klebanov- 
Strassler model [TD], and the spectrum of massive vector and pseudoscalar mesons was 
computed. A much simpler and more illuminating model was proposed in ^T] which is 
based on the addition of D6 flavor branes to the model of near extremal D4 branes |12j . 
For further work devoted to the addition of flavors in the context of critical string du- 
ality, see, for instance, JSj-CHl- Related to this context, several holographic models for 
hadrons have also been built, where an ad hoc IR cutoff is introduced in AdS^ in order 
to make the dual theory confining and with a mass gap |TH] (see also JZj), achieving 
notable success for their quantitative predictions. However, it is of obvious interest to 
obtain this kind of five- dimensional actions from string theory. 

Recently, progress in this direction was made by incorporating D8,D8 branes in the 
near extremal D4 brane background jT2I, resulting in a model with a non-abelian flavor 
symmetry and flavor chiral symmetry breaking ^Sj- In particular the corresponding 
Goldstone bosons were identified. Furthermore, ratios of the masses of certain vector 
and scalar mesons were computed in this model and were compared to the experimental 
values yielding a fairly nice agreement. In a later work, the same authors computed in 
their model decay rates of certain mesons All these models are examples of the 

second type of approach mentioned above. 

Glueballs and mesons of spin higher than two cannot be described by a low energy 
gravitational theory simply because the latter does not include fields of spin higher than 
two. The hadronic spectrum of confining gauge theories however does include hadrons of 
higher spin and the lightest ones for each spin furnish a Regge trajectory, namely, they 
obey the relation J = a'M'^+aQ. It is well known that this kind of relation between energy 
and angular momentum is the characteristic behavior of open strings in flat spacetime. 
Recently, it has been shown that string configurations that reside in the vicinity of the 
"wall" of confining backgrounds also admit the Regge trajectory behavior. In particular 
in j2n| using a semi-classical quantization this was shown for closed strings, the duals of 
glueballs, in the context of the Klebanov-Strassler PU] and Maldacena-Niifiez [23 models, 
and in [221 fo'^ the near extremal D4 branes background. Regarding high spin mesons, it 
was shown in [22] that the open strings that describe them are equivalent to open strings 
with massive endpoints spinning in flat space. 

These developments address the first challenge mentioned above. As for the second, 
the most naive approach to the problem of the KK modes is the use of non-critical 
string theories where the KK (or at least most of them) are absent a priori. The idea to 
employ a non-critical string theory as the string theory of QCD was raised in This 
proposal was further investigated in several other papers |21] . Recently, a few families of 
non-critical backgrounds were identified and analyzed 0, including in particular a class 
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of models with spacetimes of the form AdSn+i x S'', a constant dilaton and an Fn+i 
RR form. "Measurements" of various properties were performed in the AdS^ black hole 
"laboratory" in [l]. 

Non-critical supergravities suffer from the fact that they have necessarily finite cur- 
vature in units of the string scale due to the non-critical term in their action. However, 
there is some evidence that the basic structure of spacetime is not modified due to higher 
order curvature corrections in a similar manner to what occurs for strings on group mani- 
folds. In this paper we follow this approach and consider non-critical gravity models. On 
the other hand, recent developments using a worldsheet approach to non-critical strings 
can be found in fIE\ . 

To introduce fundamental quarks into non-critical models, one can again follow one 
of the two alternatives above: to derive a fully backreacted gravity background or to 
analyze a system with probe branes. In the present work we discuss both options. 

The "laboratory" to which we add flavor probe branes is the AdS^ non-critical black 
hole solution |2j. This model was shown |3] to reproduce some properties of 4d non- 
sup ersymmetric YM theory like an area law for the Wilson loop, a mass gap in the 
glueball spectrum etc. In this work we introduce flavor in this setup by adding D4,D4 
probe branes. This is similar to the D8,D8 model of jTHj in critical dimension and it 
inherits from it many qualitative features. We derive the profile of the probe branes 
deduced from an action with or without a CS term. We analyze the pseudoscalar and 
vector fluctuations on the worldvolume of the probe branes and extract the spectrum 
of the corresponding pseudoscalar and vector mesons. Similarly to pB| we find massless 
Goldstone bosons. We generalize the solutions of [IHj by allowing the lowest point of the 
probe brane to be away from the "wall" of the spacetime. We assign to the difference 
between the former and the latter a "mass parameter" rriq. We find that the masses of 
the low spin mesons increase monotonically with this mass parameter (for a probe action 
that includes a CS term this increase takes place only after a certain minimal value of 
rrig). We compute the ratios of the masses of various mesons and find that the agreement 
with the measured values is of the same order as those of the critical model JH] • It turns 
out, however, that even for a non-trivial mass parameter the "pions" remain massless. 
This result indicates that, in the terminology of QCD, nig does not correspond to the 
current algebra mass of the quarks (see section ITHl for a discussion). We then analyze the 
spectrum of classical spinning open string configurations and find that as for the critical 
case, one can describe the mesons as spinning open strings in fiat spacetime with massive 
endpoints whose mass is rriq. 

As for the fully backreacted effective gravitational actions, some solutions have been 
computed in critical string theory In several non-critical models jHl EZl E], open 

string degrees of freedom that are dual to quarks in the color and flavor fundamental 
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representation have been incorporated by adding a DBI term to the gravity action. The 
Klebanov-Maldacena (KM) 3J model is an AdSr, x supergravity background which 
is conjectured to be the holographic dual of the IR fixed point of the N = 1 SQCD in 
the so called "conformal window". In 5 two other flavored models were derived in 5d 
and 8d corresponding to a QCD-like theory with N = and = 1 supersymmetries 
respectively. 

A natural question to address at this stage is the derivation of a background which is 
dual to a flavored gauge theory which is not conformal but rather conflning, for instance 
non-supersymmetric QCD. One can address this challenge by either starting with un- 
flavored non-conformal backgrounds and add quarks to them, or by taking a conformal 
flavored model, break conformal invariance and turn on confinement. In this paper we 
do both. We derive non-critical non-conformal fiavored backgrounds by starting with 
the non-conformal near extremal AdSg (AdS^) model, which describes non-critical near 
extremal D4 (D3) branes. We then introduce Nf fiavor branes and write down the system 
of equations that describes the fully backreacted solution of the gravity equations of mo- 
tion. In the AdSg case, with D4 fiavor branes smeared over the entire "thermal circle" the 
only solution we could determine explicitly is eventually a conformal solution, the T-dual 
of the KM model. On the other hand for space-filling D5 branes we do find a fiavored 
AdSe black hole solution. As in the original proposal of ^2] upon turning on large tem- 
perature or reducing the radius of the thermal circle we end up with a four- dimensional 
low-energy effective action. Unfortunately, this theory includes only the pure YM theory 
since the fiavored fundamental quarks also acquire mass of the order of the temperature 
and decouple from the low-energy effective theory. We then generalize the KM model and 
derive a family of flavored conformal supergravity solutions in D dimensions of the form 
AdSn+i X 5''^, by incorporating Nf space-flUing DBI terms into the gravity action. We 
also derive the corresponding black hole solutions, and in particular the near extremal 
limit of the KM model AdS^ x ^ . 

We address the issue of the "phenomenology" of the flavored near extremal models 
that are dual to four-dimensional gauge systems. We present several arguments about 
the identiflcation of the various phases of the latter and then extract gauge dynamical 
properties such as the Wilson loop, the spectrum of glueballs and the spectrum of mesons. 

The paper is organized as follows: after this introduction, in section |21 the general 
setup of the near extremal AdS^ non-critical background is described. We then discuss 
qualitatively the options to introduce flavor branes into this model. Section El is devoted 
to a quantitative analysis of the system when D4 probe branes are incorporated. The 
solution for the classical probe proflle is written down and the spectrum of the fluctuations 
of the gauge flelds as well as the one of (pseudo) scalar fields is extracted. This includes 
the identification of the Goldstone bosons, the computation of the masses of the low-lying 
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mesons and a discussion of the dependence of the these features on the CS coefficient 
and on rrig, the mass parameter of the probe profile. We then analyze the configurations 
of open spinning strings. It is shown that similarly to the result reported in j2S|; these 
configurations behave like open strings in fiat spacetime with massive endpoints. In 
section |3] we attempt at finding a backreacted solution of Nf fiavor D4 branes that are 
smeared along the thermal cycle. The only constant dilaton solution the system admits 
is an AdS^ x geometry which is T-dual to the KM solution. We devote section El 
to the study of solutions associated with space-filling probe branes in any number D 
of dimensions and with an S'^ transverse space. Both conformal solutions and their 
black hole generalizations are derived. In sections l5. 1115.31 we present separately the most 
interesting cases. In section IHl the phenomenology of the gauge theories dual to some of 
these backgrounds is extracted. We end up with a summary and a list of several open 
questions in section [3 



2 Towards a non-critical string dual of QCD 

The six- dimensional background we consider in this section is the non-critical version |2] 
of the ten-dimensional black hole background dual to thermal/pure Yang-Mills in four 
dimensions ^21- In both the critical and non-critical cases, the gravity background is 
generated by near-extremal D4-branes wrapped over a circle with anti-periodic bound- 
ary conditions. In the non-critical case it takes the form of a static black hole embed- 
ded inside six- dimensional anti-de Sitter space. The anti-periodic boundary conditions 
project massless fermions out of the spectrum, and the only surviving fermionic degrees 
of freedom are excited KK modes. In turn, this also gives a mass to all the scalars via 
one-loop corrections. At high energies, therefore, the D4-brane dynamics describes a five- 
dimensional gauge theory at the same finite temperature as the black hole temperature, 
whereas at low-energies, the KK modes cannot be excited and the theory is effectively 
pure Yang- Mills in four dimensions [T^ . 

The background geometry consists of a constant dilaton 0, a RR six-form field 
strength F(6) and a metric 12]: 
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R 



AdS 



f{u)dv' (2.1) 



4 



F(6) = Qc I — I dxo A dxi A dx2 A dx-^ A du A di] (2.2) 

V RAdS J 
2V2 ^2 15 



' ""^^ 2 



R-AdS - -TT (2-3) 
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with: 

/(.) = 1 - {^y (2.4) 

where Qc is proportional to the number of color D4 branes and, to avoid a conical 
singularity at the origin, the coordinate r] needs to be periodic: 

rir^ri + 5r] , Sr] = l^^^M^ . (2.5) 

We also define Ma as the typical mass scale below which the theory is effectively four- 
dimensional: 



Ma = ^ = (2.6) 



27r 5 Ma 

Several interesting questions about the gauge theory dual to this background can be 
addressed by analyzing the closed string spectrum of non-critical string theory on (|2.H) 0] . 
Despite the fact that one expects large stringy corrections to affect every calculation on 
the non-critical gravity side, the results obtained in Q are at least the same order of 
magnitude as those given by experiments or lattice calculations, showing therefore that 
also in this case the approximation to the complete string theory being considered is not 
meaningless. This encouraged us to push the study of this background a little further, 
and introduce fundamental degrees of freedom in the gauge theory. 

Since the gauge theory is non-supersymmetric, there seem to be two different ways 
to do this, that is by adding additional D4 or D5-branes, which we will generically 
call flavor probe branes. In fact, while both ways of proceeding provide fundamental 
degrees of freedom, the interpretation of the resulting gauge theory turns out to be quite 
different in the two cases. It seems natural to argue that the low-energy limit of the 
gauge theory contains massless fundamentals only in the case where these were added 
through D4-branes. The reason is straightforward, and relies on the same argument that 
gives non-supersymmetric, four- dimensional, pure Yang-Mills as the low-energy limit of 
the five-dimensional theory living on the wrapped D4 color branes fT^ |2| . As mentioned 
above, to project out the massless gaugino from the low-energy spectrum, we have to 
impose anti-periodic boundary conditions over the thermal cycle jT2j. But when we add 
fiavor D5-branes (which obviously need to wrap the S^), the same mechanism gives mass 
to the quarks of the four- dimensional theory, leaving us with the massless degrees of 
freedom of a four-dimensional, non-supersymmetric pure Yang Mills theory plus massive 
quarks and gauginos. As a confirmation, we will see in section 15.11 that indeed when a 
large number of D5-branes is added to the color D4-branes, the new background that is 
obtained has the same form as the AdS^ black hole (j2.H) . but with different coefficients, 
signaling that new massive UV states are being integrated out when going to the IR. 
Nonetheless, the addition of D5-branes is still interesting because it allows us to explore 
QCD at finite temperature. 
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For the addition of D4-branes, instead, the enforcing of anti-periodic boundary con- 
ditions over the circle should not affect the fundamental degrees of freedom which are 
introduced by the addition of the new flavor branes. This is certainly the case in critical 
string theory, where the addition of flavor branes transverse to the 5*^ circle provides 
massless quarks in the low-energy theory jHl ^] . We argue that the same is also true 
for the present non-critical string theory. Therefore we expect that the introduction of 
flavor D4-branes provides an alternative scenario for the study of a string dual to QCD. 

In both the D4 and D5 cases the flavor branes need to flU the whole four-dimensional 
Minkowski space and stretch along the radius u up to inflnity. This last condition makes 
the gauge coupling on the flavor branes very small, freezing its gauge group to a rigid 
symmetry group, that is the QCD U{Nf) x U{Nf) flavor group. 

One relevant feature of the analysis of QCD in terms of a string dual is the ability to 
reproduce the spontaneous chiral symmetry breaking of the U{Nf) x U{Nf) flavor group 
into the diagonal U{Nf) when all the quarks are massless. 

The two factors of the flavor group are obtained by introducing two different stacks of 
flavor branes, that is one of branes and the other one of anti-branes, in such a way that 
strings hanging between a color D4-brane and a flavor brane transform as quarks, while 
strings hanging between a color D4 and a flavor anti-brane transform as anti-quarks. 
The overall system of flavor branes is uncharged, as in [HI El E] • The chiral symmetry 
breaking is achieved by a reconnection of the brane-anti-brane pairs |18j . 



3 Probe D4 flavor branes on the AcISq black hole 

As argued above, the most natural way of adding (few) flavors to the AdS^ black hole 
background j2] is to include D4-probe branes extended along the Minkowski directions 
and stretching to inflnity in the radial one. The picture is very similar to the approach 
to QCD in PHI where flavors are added to the ten-dimensional background of ^2] by 
considering D8, D8 flavor branes. The main difference is the absence of the transverse 
S'^ of the critical case, which plays no physical role. 
We consider the action: 

SD4 = -T4j d^x e-^ V- det + 27ia'F) + T^d j V{C(^)) (3.1) 

where g stands for the pullback of the metric on the probe worldvolume. It has to 
be pointed out that this action does not account for all the degrees of freedom of the 
system. In particular, there are strings connecting the flavor D4 and D4 branes, but we 
lack a reasonable description of an effective action for them. Nevertheless, we do not 
expect them to destabilize the setup. We leave the WZ coupling in the action as a direct 
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generalization of the well known one in the critical setup, although, as far as we know, 
it is not well understood what should be written in this two-derivative approximation to 
the non-critical setup. One should take a = if this WZ coupling is not present at all 
whereas 5 = 1 would be the direct naive generalization from the ten- dimensional theory. 

We consider the worldvolume coordinates of the probe brane and allow for 

u = u{ri). We find the lagrangian density (prime denotes derivative with respect to 77): 



-TaC 




U ) \RAdS 



(3.2) 



where we have defined a new constant a = -^d in order to simplify the notation. Since 



the lagrangian does not explicitly depend on 77, the quantity v: 
we can write: 



/ dC 

du' 



£ is a constant, and 



u 



R 



AdS 



Mo 



R 



■AdS 



(3.3) 



where we have defined uq as the minimal value of the radial coordinate reached by the 
probe brane. Therefore, the classical static embedding^ is given by: 



VstW 



(ug/2 (mq) — awg + au^) du 



Uo 



f{u) \J u^^f{u) - (u^/l (uo) - aul + au^y 



RAdS 



(3.4) 



Notice that tuning the constant of integration uq modifies the boundary conditions at 
infinity, namely 77(00). On general grounds, we may expect that different Uq account for 
different dual theories and we interpret this constant as being related to the constituent 
mass of the quarks, as will be discussed below in section 13.51 In particular, for a = 0, 
ri{oo)\uo=UA = ^v/^ (where 6r] is as defined in fl2.5|l ) and 77(00) lu^^oo 0, as in jilSj. In 
the probe approximation which we use here, Uq 7^ ma is a stable solution of the equation 
of motion and as will be shown shortly the fluctuations around it are non-tachyonic. 
However, it might be that because the D4 flavor branes are codimension one, by going 
beyond the probe approximation the backreaction with the Fq field strength associated 
with the flavor branes may become important and a matter of concern.^ 

In the following, we consider small fluctuations around this embedding which corre- 
spond to the physical particles composed by the fundamentals. The analysis is similar to 
that in ^Hl but here we keep the constant of integration uq generic. In section we will 
discuss its relation to the mass of the quarks. Indeed, we can define a mass parameter 

< 1 is required for consistency. 
^We thank Igor Klebanov for pointing this out to us. 
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rriq as the energy of a string connecting the color and flavor branes j2H] (stretching from 
the horizon to Uq), i.e. 



mq = E, = ^— j V^goog^du = J f 2 {u)du. (3.5) 
3.1 Fluctuations of the gauge field 

The equations of motion for the gauge fields living on the D4 flavor brane, that follow 
from the probe action (jSH}, are: 

^^(y^ditlF"^'^) =0. (3.6) 

By splitting the field strength into its four- dimensional and internal components, we can 
write: 



1 



where we have defined 



M^729^F^^ - duiu^-f^F"'') = (3.7) 
^^^^" = 0, (3.8) 



11° 

7 = • (3.9) 



At the same time, we can expand the gauge field in the following way 

n 

/l,(x^M) = 5^(^(")(x'^)0(„)(M) 



(3.10) 



and for convenience we also define 

Fl-\xn = d.B'^-^ - d^B^;^ (3.11) 
Under the decomposition ()3.10|) . equation ()3.8p reads: 

(m^y,(«)(x^)0(„)(..) - {d,Bl^{xn)dui'in){u)) = (3.12) 

n 

where m„ is the four- dimensional mass of the field (/j^"): r]^'^d^d,^(.p^'^^ = m^Lp^^\ We see 
immediately that choosing the Lorentz gauge d^j^B^^-^ = for the four- dimensional gauge 
fields sets to zero all the massive scalars Lp^^\ On the contrary, the massless field ^9*^°^ 
survives, regardless of the value of the free parameter uq appearing in 7. 
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Let us consider now the other equation of motion ()3.7p . Substituting ()3.10|) in, it is 
easy to show that ()3.7|) fixes the form of 0(o) to be 



^ 2 

^ , (3.13) 



and also imposes the defining equation for the modes ilj{n)iu)- 

-7"5 5„(„2^-ia„?/'(„)) = R^s^lipi^n) (3.14) 

where rrin is the mass of the four-dimensional vector field -8^"^ ri'^'^di^dpSj^'^ = m^i?^"'\ 
The last ingredient we still miss to make sense of the expansions ()3.10|) are orthonormality 
conditions for the modes ?/'(„) and 0(0). The natural choice is to require that the kinetic 
terms in the four-dimensional effective action are canonically normalized, and therefore 
the conditions we are after, read 



C(27ra')2y rfM72V'(n)^(m) = Snm , (3.15) 

r 1 

C(2W)M rfM-^7-20(o)0(o) = 1, (3.16) 



^AdS 

where: 

C = T^e-^RAds. (3.17) 
It is straightforward to show that the orthogonality condition (j3.15p is consistent with 
equation (j3.14j) . and that the mode 0o iii (!3.13j) is normalizable. 

Near infinity, the set of orthonormal functions solving equation ()3.14|) behaves 

as: 

lim V(n) ~ Ci + % (3.18) 

Normalizability ()3.15|) fixes Ci = 0. Moreover, the worldvolume coordinate u describes 
separately the two halves of the brane and, in order to be smooth at the origin, one has 
to require that ip is an odd or even function on the worldvolume of the probe. These 
two conditions can be simultaneously satisfied only for certain values of m„, generating, 
then, a discrete spectrum. We leave its analysis for section 

Finally, the effective four- dimensional flat space action for the fluctuations of the 
gauge fleld A"^ living on the probe D4-brane can be written as: 



S = - (Tx 



2 \ 4 2 

n>l ^ 



(3.19) 



The fleld (/)(o) can be associated to duip[o) where ^/^(o) is the zero mode of equation ()3.14|) : 
the associated four-dimensional fleld ^p^^^ corresponds to the Goldstone boson. As in |18j . 
one can also go to the = gauge where there are no (p^n) and the Goldstone boson 
gets encoded in the boundary {u oo) value of A^. Notice that this massless mode 
exists for any value of uq. We will comment on this in section 
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3.2 Fluctuations of the embedding 

We now consider small fluctuations around the static embedding ()3.4|) . which are scalars 
in the four- dimensional theory: 

rj = rjst{u) + ^{x^,u) (3.20) 

Keeping up to quadratic terms in ^ and discarding a total derivative, the expansion of 
dSH) yields: 



Sd4: ~ ^ d'^xdu 



4 2 
3 M , ^ ^xo 1 U 



p8 ■ / p4 



(3.21) 



The equation of motion for the scalar ^ reads then: 

R^ds^-'^uVdf.d,^ + d^{j-'^u^duO = (3.22) 
As for the vector field above, we make an expansion of the fluctuation field: 

oo 

^ = ^W(")(x^)a(„)(n) (3.23) 

n=l 

where the functions cr(„) (u) are defined by the second order equation 

which follows directly from the equation of motion ()3.22|1 . Here are the possible mass 
eigenvalues for the four- dimensional scalars U^""^: 'q^'^d^d^U^'^^ = m'^U^"'\ 

By substituting the expansion ()3.23p into the action ()3.21|) . one finds the effective 
action for a tower of four- dimensional massive scalar mesons: 

n 

where the normalization of the fields cr(„) has been chosen in order for the kinetic term 
to be canonically normalized: 

r 1 

C 'y 2— a(^rn)0-{n) = Smn (3.26) 

J ^AdS 

It is now easy to see that the asymptotic behavior of is of the form: 

lim ~ Ci + ^ , (3.27) 
SO normalizability ()3.26|) requires Ci = and, again, the mass spectrum m'^ is discrete. 
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3.3 Numerical analysis and discussion 

In this section we proceed to a numerical study of equations ()3.14|) and ()3.24|) . 

Starting with the vectors ()3.14|) . notice that two kinds of boundary conditions can 
be imposed on the functions ip{n)iu) at the bending point of the probe brane u = Uq, 
which lead to different parity and charge conjugation for the corresponding mesons (we 
use J'-^^ notation): 

^«^wML=„o = ^ 1" (°^^^) (3.28) 
7^(„)(mo) = ^ 1++ (evenn) (3.29) 

The arguments to deduce P and C are completely analogous to those in ^H] and will 
not be repeated here. Notice, however, that we are assuming a WZ coupling on the 
worldvolume of the flavor brane to the Hodge dual of the RR-form, i.e. *F(6)Co'5(y4) 
where du^ = F^. 

Let us start by setting a = 0. Then, the results are summarized in figures and |21 
In particular, notice that the meson masses grow monotonically with the quark mass 
parameter. On the contrary, see figure if we set a 7^ 0, we find the feature that the 
meson masses decrease when rUg grows (at least for small rrig). 

The study of scalar and pseudoscalar mesons using equation (j3.24p is a bit more subtle. 
The choice of m as a worldvolume coordinate and rj as the excited scalar is ill-defined 
near the tip of the probe brane, where the boundary conditions have to be imposed. In 
fact, this formalism does only allow us to find half of the modes: those in which the 
point at M = is fixed, i.e. the odd excitations on the brane, which correspond to 
mesons, yielding the m'^ for even n (Figure |3] shows the computed 7712 for different 
taking a = 0). In particular, we cannot compute the mass of the lightest one, which is 
of physical importance since it would correspond to the ao(1450) meson JH]- A similar 
technical problem was discussed in jT^I , where it was overcome by an appropriate change 
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Figure 2: Quotients of the squared masses of the vector mesons for different values of the 
bare mass of the quarks (we have set a = 0). The experimental values of such quotients 

2 2 

for the corresponding QCD mesons are: ^ = 2.51, ^ = 3.56. 




.2 0.25 0.3 0.35 



0.8 



.75 



0.65 




Figure 3: Plots of the masses of the two lightest vector mesons computed with a = 1. 

of the choice of the coordinates describing the worldvolume and the excited scalar. In 
this case, we have not been able to find such a convenient change for general uq and the 
formalism gets too complicated. On the other hand, for the case Uq = ma (with a = 0) 
it is indeed possible to find a convenient change of coordinates, in analogy with |18j . 
Details are reported in appendix |X| The masses of the lightest states with uq = and 
a = are: 



ml = 0.55M1 
mf = 2.28MI 



m 



12 



1.53MX 
: 4.30M1 



rrin 



rrin 



3MMi 
-- 6.82MI 



m 



12 



5.06MX 
= 9.83M1 



(3.30) 



Discussion 

As all non-critical string models where the action has been truncated to terms with 
two derivatives, the model we are considering is expected to suffer from relevant cur- 
vature corrections. Nonetheless, symmetry arguments suggest that the underlying AdS 
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Figure 4: The mass of the next to hghtest scalar meson vs. the quark mass (a = 0). 

structure of the space should provide some protection and make corrections smaller than 
expected, as we already noticed to be the case for the unflavored solution analyzed in 
|3]. For this reason it is still interesting to compare our predictions for the spectrum 
of mesons with the experimental values, and with the values obtained in the context of 
critical string theory in JH] ■ We summarize the results in table ^ 





experiment 


D4-D8 model 


non-critical D4-D4 


7712 /ml 


2.51 


2.4 


2.8 


m\/m\ 


3.56 


4.3 


5.5 


m{ /mi 


3.61 


4.9 


4.1 


m\/m'^ 


0.70 


0.49 


0.67 



Table 1: Comparison of some experimental meson mass ratios with the results obtained 
from the model of ^Hl and the non-critical model with a = m^ = 0. 

We have to notice, though, that curvature corrections to the present model are not 
the only kind of corrections we expect to arise. Just as the critical dimension models 
in [3 El, the thermal modes, that is the KK modes surviving the anti-periodic boundary 
conditions projection over the circle rj, have masses of the same order of magnitude as 
the lightest glueballs of the four- dimensional Yang-Mills theory. Therefore meson masses 
and scattering amplitudes will get contributions from loops containing these spurious 
modes, which do not belong to the spectrum of pure Yang-Mills. For the models in 
jHl El 5 there are even more KK modes which do not belong to the spectrum of pure 
Yang-Mills: they come from the internal space over which ten-dimensional string theory 
is compactified. One of the advantages in using non-critical strings (even though partially 
overshadowed by the effects of stringy corrections) is that these modes are not present 
simply because there is no additional internal space over which the non-critical theory 
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needs to be compactified. 



3.4 Spinning open strings 

Apart from the spectrum of the hghtest mesons of the gauge theory, we can use the 
string/gauge duahty to study the spectrum of mesons with very large spin. Let us 
consider the dynamics of an open string that has its endpoints attached to a probe flavor 
brane, and that rotates on a plane inside four- dimensional Minkowski. The interpretation 
of this string is that of a meson in the gauge theory, composed by a quark- ant iquark pair. 
By analyzing the relationship between the energy and angular momentum of the spinning 
open string, we expect to be able to study the Regge trajectory of mesons in a QCD-like 
theory [HlESlEni. 

We leave most of the details of the calculation for appendix El and collect here only 
the relevant results and comments. We consider, for clarity, a string centered at the 
origin of four- dimensional Minkowski space, spinning with constant angular velocity uj 
on the x^^x^ plane, which we parameterize as 

ds^ = dR^ + R^dct)'^ (3.31) 

The classical expressions for the energy and angular momentum of the open string 
are given in ()B.8|) and ()B.9|) 



E = T./Ml + /)fJ f^^r"' (3.32) 



J = TqUj / daR\l + p 



R'^ + 



4 R 



AdS 



2/1 , 2n|, 25 ui (1- 



5-\ ' 

\ 1 - a;2i?2 



where 



(3.33) 



7; = ^ -li^ =—Ml (3.34) 
" 27r«' V RAds J 5tt ^ ^ ^ 



is the effective tension for a string stretching close to the horizon of the AdS^ black 
hole ()2.ip [22] ■ In general, these expressions are largely affected by stringy corrections 
coming from the vibration of the string around its classical configuration. Nonetheless 
there is a particular limit where a semiclassical approximation is reliable, that is when 
the angular momentum J of the string is really large. In this case, the angular velocity 
of the string is really small and the distance between its two endpoints becomes very 
large. This configuration is really close to the static string representing the Wilson loop 
for two external quarks [20] , and therefore the string can be effectively described as three 
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straight segments: two vertical ones connecting the probe D4-brane to the horizon of 
the black hole, and an horizontal one lying on the horizon of the black hole. The string 
behaves like a large string rotating on the horizon of the black hole, with two massive 
quarks attached at its endpoints. 

In this limit it is easy to show that the energy and angular momentum of the string 
are given by ()B.22|) and ()B.23|) respectively 



where the interquark distance 2Ro is determined in terms of the quarks dynamical mass 
and angular velocity u through ()B.21|) 



Therefore, in the limit of J very large where the semiclassical approximation is valid, 
the energy and angular momentum of the spinning open string satisfy a Regge law 



Even though our analysis is not strictly reliable away from the large J region, it is 
still interesting to extrapolate the (energy)^/angular momentum trajectory from ()3.32p 
and ()3.33|1 to lower values of J. The result is shown in figure El If the semiclassical 
analysis is at least approximately valid outside the large J region, the arguments above 
predict a deviation from the linear Regge behavior. A qualitative analysis of the small 
J limit is also reported at the end of appendix iBl 

Note that ()3.38p means that the mass scale of the mesons on the Regge trajectories is 
the same as that of the massive mesons discussed in section 3.3, namely. Ma. This is not 
the case in the critical model of ^H] where Tg ~ M^gy^^c which means that only for 
Qym^c ~ 1 the mass scales of the mesons associated with the fluctuations of the probe 
branes and the spinning strings, can be the same. This obvioulsy implies curvature of 
order one, the same as in the non-critical model. 

3.5 On the mass of the quarks 

We want to end this section with a brief discussion about the mass of the quarks as 
extracted from the analysis of the gravity background plus probe branes versus the no- 
tions of quarks masses from QCD and the quark model. Let us first remind ourselves the 
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Figure 5: The plot shows an extrapolation to the small angular momentum region of 
formulae (|3.32|) and (|3.33p . Our approximate analysis shows that in this region the 
{E'^, J) trajectory deviates from the linear Regge behavior. Moreover, it is evident that 
there is a non-zero negative intercept. 

latter. In the QCD action bare masses for the various flavored quarks are introduced, 
which upon renormalization turn into physical masses, which sometimes are referred to 
as current algebra masses. For instance the u and the d quarks have masses of few MeV. 
Let us denote this mass as m^^^ . This mass parameter is very significant for many QCD 
processes. Here we focus only on one issue, that is the mass of the pion. It is well known 
that the mass square of the pion is proportional to m^^^ as follows 



where and rn^ are the physical masses of the u and the d quarks respectively. In 

addition, in the context of the quark model or potential models, one defines a constituent 
mass parameter which is roughly for the d and u quarks one third of the mass of the 
proton, namely around 300 MeV. 

In the gravity plus probe brane model we consider, there are three pieces of informa- 
tion that can teach us which role the quark mass plays in this setup. 

• The spectrum of massive mesons 
We found that on top of the Goldstone bosons there are massive vector and pseu- 
doscalar mesons and that their masses increase monotonically^ with the mass pa- 
rameter TUq, defined in fj3.5|) as the energy of the string that stretches between the 
lowest point of the probe brane and the wall. In fact, from some mass scale of the 
order of M\, the meson masses grow linearly in (see figure IHI), and the slope 
is bigger for higher states^. We therefore conclude that this mass parameter is 

•^For a 7^ this is the case only from some value of niq on. 

■^In the supersymmctric case of 0, the meson masses also grow linearly in the quark mass. 




(3.39) 
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Figure 6: Asymptotically, the meson masses grow linearly in the parameter rUg. Here we 
present the plot for the two lightest vector mesons. 



related to the constituent mass of the quark. 
The spectrum of large spin mesons 

As we have seen above, the spinning string that describes a meson of large spin, 
has a U shape, stretching from a probe brane vertically to the wall, along the wall 
and then again vertically to a probe brane (not necessarily the one it started from). 
The energy of each of the two vertical parts, which is exactly ruq = Eg, contributes 
to the total mass of the meson as a relativistic spinning particle, as can be seen 
when we rewrite the energy E of ()3.35|) in the following form 

E = ^J^%= + ^ (arcsin(u;i?o)) (3.40) 

This result agrees with our interpretation of rriq as related to the constituent mass 
of the quarks. 

The spectrum of Goldstone bosons 

As mentioned in section 13.11 the mass of the Goldstone bosons is always zero in 
our model, even when uq ^ u\ and therefore rriq as defined in ()3.5|) is nonzero. 
On the contrary, we know that if the quarks have a bare mass, the chiral U{1) is 
not a symmetry of the lagrangian and the Goldstone boson should also acquire a 



mass, proportional to y mf'^^ for small m^^^ . This behavior was first found in 
a holographic setup in [H]. Thus we see that our gravity model seems to describe 
quarks with vanishing current algebra masses m^'"^ = rn^^^ = 0. To the best of 
our knowledge creating a current algebra mass in the models based on a brane anti- 
brane configuration is still an open question. Note that a non-vanishing constituent 
mass is possible even if the current algebra mass is zero. However since in QCD one 
cannot vary the constituent mass without changing the current algebra mass, there 
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is an obvious puzzle in these results. In ^E], following arguments of ]HT^, it was 
argued that in the D4-D8-D8 critical setup a bare mass for the quarks should be 
related to an expectation value for the tachyon field coming from the open strings 
joining the flavor branes and anti-branes. Since the effective action we wrote does 
not account for these modes, it cannot describe this feature satisfactorily. It is 
reasonable to conjecture that in the full stringy description of this system, there 
would not be a massless mode when uq 7^ u\, but unfortunately we lack a better 
understanding of this point. 

4 Backreaction with large -A^j D4 flavor branes 

It would be very interesting to be able to go beyond the probe approximation Nf <^ A^^^. 
This would allow us to evaluate also those quantities of QCD which strongly depend on 
the dynamics of fundamental quarks. In this section we take a first step in this direction, 
by studying what happens when many flavor D4-branes are added to the AdS^ black hole 
background of j2 Ej . 

The action we start from reads (we take a' = 1) 

S=l^J d'xV^ |e-2<^ (R + A d,(t> d^<i> + 4) - ^ F^) } + .^flavors (4.1) 

where is the 6-dimensional Newton's constant, and the action for the flavor D4-branes 
is given by: 

5'flavors=T4V(- / X ^/^, + d [ P(C(5))) (4.2) 

V Jm5 Jms / 

Here is the induced metric over the D4-brane worldvolume A^5, while P(C(5)) is the 
pull-back of the RR 5-form potential over the D4-branes worldvolume. a is a constant 
which fixes the relative strength of the DBI and CS terms as in eq. (jH.lj) . Unlike the 
probe case here due to the particular configuration we consider, with the flavor branes 
smeared over the r/ compact direction, it is clear that one has to set d to zero. Notice 
also that taking a non-trivial value for d would generate terms in the action which are 
not periodic under shifts br] of r] (cf. ()2.5|) ). which is definitely not acceptable. 
We look for backgrounds of the form 

ds^ = e^^dxl^ + dr^ + e^'^dif (4.3) 

and take the most symmetric assumption, that is all functions A, A and the dilaton can 
only depend on the radius r. The color D4-branes wrap the circle 77, while the flavor D4- 
branes are points on this circle. In order to simplify the following calculations, we take 
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a f/(l) symmetric distribution of the flavor D4-branes, that is we smear them uniformly 
over the circle, in a way analogous to j3]. The DBI term, reads then 



Nf 



Nf 

-96 
(4.4) 

It is now trivial to write the equation of motion for the 6-form field strength 



rf*F(6)=0 (4.5) 

which therefore requires 

*i^(6) = Qc (4.6) 

where Qc is a constant. It is straightforward to show that the following 5-form potential 
is a good solution to ()4.6|) 

C(5) = f3{r)dx° A dx^ A dx'^ A dx^ A drj (4.7) 

with 

/3'(r) = gce^^+^ (4.8) 

We are now ready to write the effective action for the ansatz (j4.3p . We skip a few 
intermediate steps (integration by parts and some algebra), and display the result 

Seff = ^^^"^(^''') f dre''+~'-'^ (sX" + 2A'A' - 4A>' - A>' + 0'^ + 1 - %e^-^ - ^e'^ 
kg J \ 4 8 

(4.9) 

where we defined Qf = 

As in |2], we define a deformed dilaton 

(^ = -20 + 4A + A (4.10) 

and a new radial coordinate p such that dp = —e^'^dr. The effective lagrangian reads, 
then, (a dot stands for derivation with respect to p) 

The zero-energy condition reads 

02 _ 4)^2 _ p _ 4g2^ _ ^g^+4A+A _ gf ^+2A-iA (4^^2) 
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while after going back to the original dilaton 0, the equations of motion read 

= _2e-4^+8A+2A + 3^2g~20+8A+2A ^ 3 ^^g-3</,+8A+A (^^^g) 
)^ ^ ^g-20+8A+2A _^ Q/^-30+8A+A j^^^ 
^ ^ ^g-20+8A+2A _ ^g-3<}!.+8A+A -j^g^ 

These equations are really involved and finding an explicit solution has proven a 
useless effort, up to now. But there is a special class of solutions which can be easily 
derived, those with a constant dilaton = 0o- The equation for fj4.13|) turns then into 
an algebraic constraint 

= W <2/ = 



C 



The case Qf = was considered in [21 Ej , and leads to the AdSe black hole solution (|2.ip . 
On the other hand, if 7^ 0, one finds an AdS^ x 5*^ solution which can be obtained by 
performing T-duality along the to the solution found in 0: 



5 Flavored AdSn+i x backgrounds and black holes 

The same line of reasoning as the one we followed in the preceding section can be gener- 
alized to a much wider class of non-critical string backgrounds. It has been found in [2], 
that the two- derivative truncation of the non-critical string theory action admits solu- 
tions of the form AdSn+i x S^. They can be interpreted as the backgrounds generated 
by stacks of color D(n — l)-branes in D = n + k + 1 dimensions. Here we consider the 
effect of including also space-filling D(n -|- A;) fiavor branes. This analysis was made in 
P7] for the particular case D = 6. We will not worry about the stability of the solutions 
we find: we think it is convenient to keep a general formalism, even though some of the 
solutions considered could prove to be unstable due to open string modes. 

We start from the two-derivative approximation to the D = n + k + 1-dimensional 
non-critical string action in the string frame (with a' = 1) 
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where the e~^'^(10 — D) term is the usual central charge appearing when working off 
criticality, and the last term is the contribution from the Nf uncharged flavor branes. 
We look for configurations that have the following structure: 



ds' = e'^dxl,^2 + dr]' + dr' + e'^'d^lu (5.2) 

where the D{n — l)-branes extend along the . . . , x'^~'^ directions, are wrapped around 
the compact direction r/, and are transverse to a /c-sphere. We take all functions, including 
the dilaton 0, to depend only on r. The equation of motion for the (n + l)-form Fn+i 
reads d * Fn+i = 0, which is solved by 

Fn+i = Qce'^''~^^^^'^''"'dr A dx^ A dx^ A . . . A rfx"-^ A rfr/ (5.3) 

After substituting our ansatz ()5.2j) and ()5.3|) into ()5.1|1 . we find the effective action 



S ^ j dp[ip^ -{n- - P - kiy^ + k{k - l)e^^-^' + (10 - 0)6^"^+ 



2 

where we have defined Qj = 2kjjTD-iNf, introduced a generalized dilaton: 

^ = -2(P+{n-l)X + X + ki^ (5.5) 
and used a new radial coordinate such that 

dp = -e-'Pdr (5.6) 
The equations of motion coming from this effective action read 



(5.4) 



^ -ict>+2(n-l)X+2\+2kv . ^ ^ + ^ -2<j>+2(n-l)\+2\ . 

2 + g <Vce + 

_|_ + ^ Q^^-30+2(n-l)A+2A+2fci/ 



(5.7) 



^ ^g-20+2(n-l)A+2A _|_ Qf ^-Z(t>+2{n-l)\+2\+2ku g\ 

4 4 

^ ^ ^g-20+2(n-l)A+2A _|_ ^g-3(/>+2(n-l)A+2A+2fci/ g-v 
4 4 

^ (J^ _ ]^^g-4<ji+2{n-l)A+2A+2(A:-l)z/ _ ^-2(/>+2(n-l)A+2A _^ 0/ g-30+2(n-l)A+2A+2fc!/ j^g^ 

Finding the general solution to this coupled system of differential equations is far too 
difficult to hope to be able to get a sensible answer. Nonetheless, we can explicitly derive 
a class of special solutions, that is those with a constant dilaton = 0o- This makes the 
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first equation ()5.7|) into an algebraic equation relating the value of 0o with the function v. 
In particular when k ^ n + 1, ()5.7|) requires also v to be constant v = Uq. For k = n + 1 
one could in general have a non-constant radius for the fc-sphere. Nonetheless, we will 
stick to the simpler case u = uq also when k = n + 1. Again, this makes the fourth 
equation into another constraint on 0o and z/q. We now denote the radius of the 

S'' and the string coupling as follows 

Rs = e'^" gs = (5.11) 

After some algebra, one finds that -R| satisfies an equation of degree k + 2 

(10 - D)Rf^^^ + {D + 2){k- l)Rf^^h 

9 /n2 ('5 12) 
-^{{10- D)Rl-{n-k + l){k-l)Y = ^' ' 



n + 2Q) 

and the string coupling is given by 

2 IQ- D - {n-k + l){k-l)R 



Qf n + 2 



(5.13) 



Notice that when Qc ~ Qf, all the coefficients in equation ()5.12|) are order one, and 
therefore the radius of the fc-sphere is a finite number while, from equation ()5.13|) . the 
string coupling is order l/Qf. 

It is now straightforward to solve equations (j5.8p and (j5.9|) for A and A 



-— log^— sinh ^6i-\//mpj^ + flip 



A = log I — sinh ( 6iv /inp ) + aip (5-14) 



A = log ^— sinh ^6iv^/mpj^ — (n — l)aip (5.15) 

where /i is a parameter we have introduced to simplify formulas 

4 4 

whereas ai and bi are two constants of integration. The other two have been fixed 
by taking a suitable origin for p and rescaling the coordinates x^, . . . , x""^ and r]. A 
relation holds between the two remaining constants ai and bi, and it comes from imposing 
the zero-energy condition 

02 - (n - 1)A2 - P _ ^^2 ^ (517) 
= k{k - 1)6^^-^" + (10 - D)e^^ - 9le^+in-i)x+x-ku _ g^^l^+^x+fx+tu 
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The result is the following relation 



ai = bJ- (5.18) 
V n 



We found, therefore, a one-parameter family of solutions which are characterized by 
the dilaton and radius of the sphere transverse to the D(n — l)-branes being constant. 
As we will readily show these solutions are black hole deformations of AdSn+i x S'^ 
backgrounds which are obtained by taking bi = 0. Let us start from this simpler case. If 
we set bi = 0, the expressions for A and A read: 

1 , / \ Ih 



A = A = logfv^p) = W-e2<^°-^^«r (5.19) 

n \ y \ n 

where an integration constant has been fixed in order to cancel a constant term. Thus 
for bi = the solution is an AdSn+i x S'^ space, similar to those obtained in [2]. The 
radius of the AdS part is given by 



n(n + 2) k 



2 



- 10 - D + — ^ (5.20) 

where i?| is as given in ()5.12|) . 

Let us now consider several classes of special cases: 

• The case that there is no sphere at all in the transverse directions, namely, where 
the metric is of the form ds"^ = e^^dx\ ^_2 + e^'^drf+dr'^ requires a special treatment. 
Equations ()5.7j) - ()5.9|l are still intact with = 0, but obviously ()5.10|1 does not exist 
anymore. The value of the string coupling is now 



D + 2 Qf 
2D Ql 




16D(10-£)) Q 
(D + 2)2 ^g/ 



1 



(5.21) 



and the radius of Anti de Sitter is given by 

4n 
9 



R\ds = -\Ql^9-s'QiY' (5.22) 



For the case of critical superstrings, D = 10 we get for k> \ 



and -R^rf5 is related to i?| in the following way 

n[n + 2) P - ] 



^AdS 



(5.24) 
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and gs is given by 



#Q,^2 "'-"'^,-"-^' (5.25) 



n + 2 + 2 

In particular for the case with no flavors we get that the only solution is for n = 
k — 1 = 4 which is the AdS^ x solution. With flavors there is a solution only 
provided that k > (ra + l). This implies that there is no flavored AdS^ x solution 
associated with space filling branes. On the other hand there are solutions of the 
form ^^5*4 X S^, AdS^ x S'^ and AdS2 x which may be interpreted as the flavored 
near horizon limit of D2, Dl and DO branes respectively. 

A special class of non-critical solutions is for the case of an S^, namely, k = 1 where 

In particular for k = l,n = 4, D = Q we get the KM solution [Hj. 
For the special class where = + 1 we get 

_ 2(10-D) 1 _ 4(10-D) 1 
n + 2 Qf~ D + 2 Qj 



The relation between the radii is 

1 1 10 -D 



RAds Rl n[n + 2) 



(5.28) 



Let us now proceed and describe the corresponding black hole solutions where 6i 7^ 0. 
We introduce a new radial coordinate u 

= (5.29) 

t^AdS 

In terms of this new variable, the solution reads 

- - (^)") *'^) + (¥) ' - ^'"'^^^ («-^°) 

where ma is the position of the horizon of the black hole 

u\ = 2hR\,s (5.31) 
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Notice that when bi > 0, the metric component (7^^ vanishes at m = ua- Therefore the 
background is defined only for u> and to avoid a conical singularity at the horizon, 
we have to impose that the coordinate 77 is periodic 

^ ^ ^ + l!^:^ (5.32) 

nuA 

Before closing let us mention three particular solutions that are relevant via holography 
to interesting gauge theories. 



5.1 Near extremal flavored AdS^ 

This solution corresponds to adding uncharged spacetime filling branes to the background 
of sections 121 and El As argued in section |2l adding such D5-branes corresponds to adding 
fundamental fiavors to a gauge theory at a finite temperature. 

One can read from (j5.21|) and (j5.22|) the values of the dilaton and Racis- 

''' = \% f\A + 6§i - 1) , R\,s = I' I ^ • (5.33) 

It is interesting that RAdS depends on the ratio of number of colors and fiavors (see figure 
[7j). In the context of the AdS^ background, it was conjectured in reference j3| that certain 
values of RAdS may bound the stable gravity solutions, leading to a conformal window 
in the field theory bounded by certain Nf/Nc ratios. 




Figure 7: Variation of -R^^^ with the ratio of fiavors to colors in the fiavored AdSg black 
hole. 
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5.2 Near extremal KM model 



There is a particularly interesting case, among all those considered in the main part of 
this section: the AdS^ x black hole. The setup is the same as the one in PJ: we consider 
a system of D3 and uncharged D5-branes in six dimensional non-critical string theory. 
But here, we compactify one of the gauge theory flat directions on a thermal cycle, in 
order to break supersymmetry. The resulting background is dual to a four- dimensional 
field theory at a finite temperature with fundamental flavors, which becomes effectively 
three-dimensional for high values of the temperature. This is the adaptation of the idea 
of Witten J2] to a theory in three dimensions with the important novelties that here 
we consider the set-up in non-critical string theory, as it has been done in [21 E], and 
moreover that our starting theory contains fundamental degrees of freedom. 
The background reads 



u 



R 



AdS 



UK 



dxf ^ + U - ( — ) ]dr] + 



u 



R 



AdS 



U 



dv? 



+ R'side' (5.34) 



with RAds = VQ, Rli = 0,ul = 2biR\as and e"^" = The RR 5-form field strength 



reads 



F5 — Qc 



u 



RAdS 



dx^ A dx^ A dx^ A dr] A du 



(5.35) 



and its dual is dx = Qc dO. The period of the compact direction 77 is given by 



77 ~ ?7 + 



UK 



(5.36) 



5.3 Near extremal flavored AdS^ model 

The solutions above also include a non-extremal flavored AdS^ model, generalizing the 
five-dimensional construction of The metric is the same as that in ()5.34|1 apart from 
the fact that now the term is missing. The value of the string coupling is^ 
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and R?Afis is given by: 
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(5.38) 



^Notice that the difference with the expressions in |3] comes from different definitions of Qc and Q f . 
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6 Gauge dynamics from the flavored near extremal 
models 



We can now study the phenomenology of four-dimensional gauge dynamics from three 
models that were derived in the previous sections: 

1. The flavored near extremal AdSg model 

2. The near extremal KM model 

3. The flavored near extremal AdS^ model. 

The first two models are six-dimensional and the last one is five-dimensional. The con- 
struction of the first and the third models can be viewed as either following the path 

AdS near extremal AdS flavored near extremal AdS 

or 

AdS flavored AdS —>■ near extremal flavored AdS 

whereas the second model, since it does not have an unflavored predecessor, necessarily 
follows 

flavored AdS^ x S^ near extremal flavored AdS^ x S^ 

Before extracting gauge dynamical properties, let us identify the properties of the 
backgrounds that affect them. The backgrounds are characterized by the AdS radius, 
the value of the constant dilaton, the radius of the thermal circle, the flux of the "colored" 
RR form ~ Qc and the number of flavor branes Qf. Table |21 includes the values of these 
features of the models. For completeness we added also the values of the unflavored cases. 

Note that as for any other non-critical model, here too the curvature is order one 
in units of a' and cannot be reduced by taking either Qc or Qf to be large. Thus, as 
expected, we are facing for these models the generic curvature problem. On the other 
hand we can always be in a regime where the string coupling Qs is small. Obviously for 
the first and third models this happens by taking Qc to be large and for the second Qf 
to be large. Note however that the claim is that this model j3] is valid only for Qc ^ Qf 
and hence again taking large number of colors guarantees small string coupling. 

At this point the first question we need to address is what phase of the gauge theory 
dynamics can be associated with each of these gravity models. 

• The starting point of the first model can be taken to be the unflavored conformal 
AdSe background. The latter is supposed to be the dual of a fixed point of a non- 
supersymmetric five-dimensional gauge theory without fundamental quarks. The 
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Table 2: Comparison of the 't Hooft parameter QsQc and the AdS radius between the 
various models. 

vanishing of the beta function may be due to the existence of adjoint matter or it 
might be the "flxed point" of the theory at the far UV where the theory is free. 
Since the latter has a set of inflnitely many high spin conserved charges, it does not 
seem to correspond to the AdS^ background and hence it can be only the former 
option. Note however that in flve dimensions such flxed points are not known and 
may even be forbidden. When we add flavors the existence of the flavored AdSQ 
background means that there is still an IR flxed point which presumably will move 
with respect to the unflavored one. Next we turn on near extremality and dualize in 
fact a four-dimensional low energy effective gauge theory by using the mechanism 
of P2] of taking the radius of the thermal cycle to be small. The resulting gauge 
theory has a massless sector which is identical to that of the pure four- dimensional 
Yang Mills theory regardless of what nature the original flxed point had. This 
sector will be realized in the IR theory in the form of glueballs. In addition there 
are quarks with a mass of the order of the temperature which will form mesons in 
the IR theory. Those of course are absent in the unflavored theory. 

• The second model is the KM model which before turning on near extremality is 
conjectured to describe the IR flxed point of the = 1 SQCD. Moreover, there 
is no unflavored AdS^ x 5*^ solution and hence it is clear that unlike the flrst case 
here a vanishing beta function can be achieved only with flavors. If indeed this 
is the case, namely it is the holographic dual of the IR flxed point of the = 1 
SQCD, then the near extremal solution corresponds to turning on flnite temperature 
in the four- dimensional theory which breaks both supersymmetry and conformal 
invariance. The limit of large temperature is dual in the IR to a three-dimensional 
gauge theory. 
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• The extremal case of the third model corresponds to a flavored four- dimensional 
non- super symmetric gauge theory at a fixed point. Based on the arguments given 
for the first case, we conjecture that it corresponds to an IR fixed point of QCD 
in the flavored case. In four dimensions there is no problem with such a fixed 
point. The black hole solution in this case corresponds to finite temperature four- 
dimensional QCD. Again in the limit of large temperature we end up with a three- 
dimensional gauge theory with massless gauge fields and very massive quarks. 

The next question that we would like to investigate is what the properties of the dual 
gauge theory which can be extracted from the string side of the gauge/string duality are. 
We will address here the issues of the Wilson line, the low lying glueball and meson spec- 
tra, which are extracted from the gravitational background, and the higher spin glueball 
and meson states which follow from closed and open spinning string configurations. 

6.1 The Wilson line 

The Wilson line, namely, a string that connects an external quark anti-quark pair in 
the background of a near extremal AdS solution, was investigated in [32] and [30] . The 
former paper discussed the case of a theory at finite temperature while in the latter 
the focus is on the low-energy gauge theory at one less dimension which, in particular, 
was shown to admit an area law behavior for the Wilson loop. One of the examples 
considered is three-dimensional pure Yang Mills associated with the AdS^ x black 
hole. Actually, the result applies to other near extremal backgrounds not necessarily of 
AdS type like the near extremal D4 branes background that admits a confining Wilson 
loop in four- dimensional YM theory. Let us start with this case and then we will address 
the finite temperature behavior. The same situation as in [30] happens with the flavored 
near extremal solutions that we discuss here in the first and second models. The string 
stretches from its endpoints down to the wall and then along the wall and up again. The 
corresponding energy of such a string is given by [3] 

E = TgL -2k + {{log lye-^^) (6.1) 

where Tg is as defined in (j3.34|) 

" 271 a' 271 a' \RAds ) ' ^ ' ^ 

and for the AdS^ case d = , 7 is a positive constant and k ^ 0.309|^. Note also 

that Ma ~ Ma see fET)|l . 

However, the situation here is very different from that of the unflavored case. To 
see this imagine that we start with a small separation between the external quark and 
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anti-quark and then gradually increase it. Up to a distance Lhreak we have a worldsheet 
connecting the worldlines of the two external quarks. At that point it is energetically 
favorable for the system to create a dynamical quark anti-quark pair, namely a string 
of vanishing length, and break the worldsheet into two parts one connecting the original 
external quark and the dynamical anti-quark and the second one connecting the dynam- 
ical quark to the external anti-quark. Now increasing further the separation distance 
between the original pair will not change this picture. The breaking length is determined 
from ^ 

TgLbreak ~ Lbreak ~ T"^ (6.3) 

where we made use of the fact that the energy of the "dynamical meson" ~ Ma and that 
Tq ~ M|. This is obviously the stringy manifestation of the well known fact that the 
Wilson loop of a theory with fundamental quarks breaks up. 

The Wilson loop of the third model for the case of small near extremality corresponds 
to that of four- dimensional QCD theory at finite temperature. In [32J it was found that 
for distances of order L << ^, where T is the temperature, the energy as a function of 
the distance and temperature is given by 

E = ^j[l + c{TLr] (6.4) 

where c is a positive constant independent of the parameters of the background, whereas 
for L >> the quarks become free and the binding energy vanishes. The latter case is 
due to the screening caused by the thermal bath. The difference between our case and 
that of the near extremal AdS^ x model discussed in is just the value of RAdS 
but the basic behavior is the same. 



6.2 The glueball spectrum 

The glueball spectra is extracted [Gj from the spectrum of the fluctuations of the dilaton, 
the metric and the RR one-form which are computed in a linearized limit of the gravity 
action. In the framework of the unfiavored non-critical AdS^ black hole, this calculation 
was performed in Since we are interested in the four-dimensional case, we discuss 
here only the flavored near extremal AdS^ solution among the set of solutions we have 
found. In fact, what is left over to do is just to introduce the modifications to the results 
of |3] due to the presence of the flavor term in the action. The equations of motion of 
the fluctuating fields are given in (3.2)-(3.4) of j3]. The flavor term does not affect the 
equation of the RR form but does modify that of the metric and the source term of the 
Laplacian of the fluctuation of the dilaton. Let's discuss the latter. The shift of the 
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dilaton equation of motion takes the following form 

V(50 = 4e'^«(50 ^ V50 = 4(e'^« - Q fe^'t"')5(t) (6.5) 

where 50 is the dilaton fluctuation and e"^" on the left-hand and right-hand sides are 
those of the unfiavored and flavored solutions respectively. 

Notice that there is a critical value of Q/, or more precisely where the source 
term vanishes. It is obvious from the equation above that the condition for that is that 
1 — Qfe'^° = which by inserting the value of the dilaton in ()5.33|) yields ^ = For 
Qf larger than the critical value the sign of the source is flipped. The study of this case 
is left for future investigation. Here we assume that Qf is below the critical value. The 
corresponding spectra of the n~^^ = 0^^, 1^"*" and are given by 

Ml^^^^^k{k + B,,) + 0{k') with p=^^l3^. (6.6) 

where A is a numerical factor that depends on ^ (for Q/ = it is 39.66), and Bq = 
5.02, i?i = i as extracted from the dilaton, one-form and metric respectively. For the 
derivation of the spectrum and a comparison with spectra deduced from both critical 
near extremal D4 branes as well as lattice computations see 



6.3 Spinning closed strings 

The spectrum of glueballs of spin greater than 2 cannot be determined from the gravity 
background but rather only from spinning closed string configurations. The analysis 
of classical spinning closed strings in confining backgrounds was done in the context of 
the critical backgrounds in fK^ ESI I22j and for the non-critical unfiavored AdS^ in |3]. 
The situation here is very similar to the later. It is straightforward to show that the 
configuration similar to that of the form ()B.3|) (but fixing p = 0) is a solution of the 
classical equations of motion. In fact it was shown in ^ that the conditions to have a 
spinning classical configuration are in one to one correspondence with the conditions for 
the background to have an area law Wilson loop. This classical spinning string admits a 
Regge behavior with 

Next we can incorporate quantum fluctuations around the classical spinning string 
configuration associated with the Regge trajectory. This in general leads to the famous 
intercept. This incorporation was previously done for the critical confining backgrounds 
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in [20] and for the non-critical AdS^ black hole in 0|. The result found there takes the 
form 

where zq is proportional to ma and Af is the contribution of the massless and massive 
fermionic modes which we do not know how to determine. From this expression we read 
the bosonic intercept ao = Zo/(4vrTg) — ^vr. Note that in addition to the intercept there 
is also a term linear in E. A difference between the result in the critical model [22] and 
the non-critical one is in the proportionally factor between zq and u^. 



6.4 The meson spectrum 

The spectrum of the pseudoscalar and vector mesons was analyzed in detail in section [Hj 
using the probe D4 flavor branes. To derive the corresponding spectrum for the fully 
backreacted backgrounds of the flavored AdS black hole solutions and the near extremal 
KM model we can follow a very similar approach. Recall that the flavor term ()4.2|) is 
in fact the flavor brane worldvolume action. One should compute the system of linear 
equations coming from the coupled oscillations of the closed and open string degrees 
of freedom of an action of the kind (j4.ip . Nevertheless, up to quadratic order, the 
Ffj^i, oscillations do not mix with those of the background, so after integrating over the 
thermal circle we will find again an action which yields a discrete spectrum of massive 
vector mesons similar to the one found in section |2l However, having many flavor branes 
on top of each other, the U{Nf) non-abelian action has to be used. Unlike what has 
been found for the D4 probe case, if flavor is introduced with D5s, we do not expect to 
have Goldstone bosons since as it was mentioned above the fundamental quarks acquire 
a large mass and decouple. Indeed, one can check explicitly that the mode analogous 
to the 0(0) of section (see eq. ()3.13p ) is not regular at the origin for the case of a 
flavor D5 and, therefore, it is not in the spectrum. In section |2] we have analyzed the 
dependence of the masses of the mesons as a function of the mass parameter = Es 
that is associated with the location of the flavor brane. It is not clear how to introduce 
the analogous parameter for the fully backreacted backgrounds. Obviously we can also 
extract the spectrum of the pseudoscalar mesons from the fluctuations of the embedding 
in a similar manner to what was done with the flavored probe branes. 

To draw the holographic picture of the mesons of spin higher than one, one needs to 
study spinning string configurations rather than the gravity modes. This type of analysis 
was done in section 13.41 for the case of D4 probe branes and resulted in a picture of 
spinning strings in flat spacetime with massive endpoints, which is very similar to what 
was derived earlier in |23] . In our case we have space- filling branes so that the endpoints 
of the open strings can reside at any point in spacetime. This is obviously different from 



33 



the case of the probes. As aheady mentioned, it is also not clear how to introduce the 
mass parameter that was related to the constituent mass in the probe scenario. 

7 Summary and open questions 

In this paper we have addressed the issue of the non-critical holographic duality of gauge 
theories that incorporate quarks in the fundamental representation. This was done both 
by using flavor probe branes as well as by using certain fully backreacted gravity back- 
grounds. For the probe analysis we followed piHlj. We put a set of Nj D4 anti-D4 branes 
in the background of the near extremal non-critical AdS^ solution. We solved for the 
classical configuration of these probe branes and studied the fluctuations of both the 
gauge fields on the brane as well as of the embedding coordinates. The spectra of these 
fluctuations translate into the spectra of the vector and (pseudo) scalar mesons respec- 
tively. We compared the results to those measured in experiments as well as to the 
values found in ^Hl using a critical string model, and found that they are in reasonably 
good agreement with both. An important issue that we address is the Goldstone bosons 
associated with the flavor chiral symmetry breaking. We computed the dependence of 
the meson masses on the "mass parameter" which is the minimal distance between the 
probe brane and the "wall" of the background. 

We then moved on to the second approach. We derived a class of flavored near 
extremal AdSnJ^-i x solutions. In particular, we wrote down the flavored AdS^ and 
AdS^ black hole solutions and the near extremal version of the KM model. We addressed 
the question of what gauge theory phases the gravity models describe. We presented 
conjectures about this question which we backed up with the calculations of Wilson 
loops and the spectrum of glueballs. We also discussed the meson spectrum. 

Our perspective has been dual throughout the whole paper. On one side, we focused 
on the holographic description of dynamical flavors. It is worth pointing out advantages 
and disadvantages of the probe approach presented in section El with respect to that of 
the so-called AdS /QCD duality jTH]: in both simplifying assumption is taken, 

which does not hold a priori. In our case it is the two-derivative approximation to non- 
critical string theory on a highly curved background. In UH]; the flavored degrees of 
freedom are dualized by considering different fields in an AdS space imposed by hand 
(not coming from some set of Einstein equations) with an ad hoc IR cutoff in order to 
enforce confinement. Having AdS, this approach allows a better holographic description 
of, for instance, the quark masses, the quark condensate and the GMOR relation. The 
understanding of these features is still an open problem for our model and for the crit- 
ical one of jlH]- On the other hand, we believe that the qualitative advantage of our 
approach is the fact that we are building our (unjustified) approximation on a justified 
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and first-principle theory: non-critical string theory, and one may hope that progress in 
understanding this theory will naturally lead to an improvement of our approximation. 
In this sense, our setup is similar to il8 . With respect to that work, the main advantage 
of the non-critical construction is the disappearance of KK-modes, which is replaced by 
the problem of large curvature. Notice that trying to decouple KK-modes in critical 
string theory also leads naturally to highly curved space-times. It is appealing that all 
these different approaches lead to qualitative agreement with several QCD features. This 
aspect relates to the second perspective we took in the paper, that is to test how reliable 
the two-derivative approximation we employ is. We found, for example, that already in 
our approximation, we could identify the same mechanism as in ^H] to provide a natural 
description of the spontaneous breaking of chiral symmetry for massless quarks. The dif- 
ferent models also lead to a rough matching of some experimental quantities. We want to 
stress that these facts are pointing out that the idea of a higher- dimensional description 
of QCD has a solid basis. 

This project is just one step in the long journey of discovering the string theory dual 
of QCD. There are still several conceptual problems with the present approach as well 
as certain open questions. Among these questions we find: 

• As we have mentioned several times throughout the paper, the low-energy gravity 
(or supergravity) limit of non-critical string theory is problematic since it is charac- 
terized by order one curvature which means that higher order curvature corrections 
are a priori not negligible. In |2, certain arguments were made to back up the con- 
jecture that models of the form AdSn+i x are robust against higher curvature 
corrections, even though the corresponding radii are corrected. Here since we are 
discussing near extremal solutions these arguments do not hold anymore. In fact 
it is known that already in the critical models the near extremal backgrounds get 
corrections. Nonetheless, we believe that the property of the black hole solutions 
we found, of having a wall with a non-trivial string tension along it, which guar- 
antees a confinement behavior j2Hj, will not change due to higher order curvature 
corrections. Proving this conjecture is left to future investigation. 

• The identification of a mechanism that generates a current algebra mass to the 
quarks and hence renders the Goldstone bosons massive is far from being under- 
stood. In particular we showed that the Goldstone bosons remain massless even 
when a non-trivial quark mass parameter is introduced. We intend to continue the 
investigation of this question. 

• In addition to the mass of the quarks there are several properties on the gauge 
theory side that have not been yet extracted from the gravity side with the flavor 
branes. In particular, the expectation value of ipip was derived in the model based 
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on D6 branes JT] together with its dependence on the quark mass. This has not 
been done yet for models based on branes anti-branes configurations, such as those 
we have been considering. 

• In recent years there has been an intensive effort to reveal the relation between 
gauge theories at finite temperature and their holographic gravity duals, with par- 
ticular interest in the confining-deconfining phase transition etc. So far everything 
was done in the context of critical gravity backgrounds. The derivation of a similar 
description for the non-critical scenarios is an interesting question that we intend 
to address in the future. 

• On top of the spectrum, one would also like to compute the decay rates of the 
various types of mesons. First steps toward this goal were taken in JH] where 
decay rates of low lying mesons were computed. In an analysis of the decay 
processes of mesons is addressed using the picture of spinning open strings. These 
two methods of computing decay rates can be also applied to the non-critical models 
discussed in this paper. 

• As we have mentioned above one can extract the mesonic spectrum from the fully 
backreacted solution in a similar manner to what we did for the probe setups. We 
intend to come back to this issue and compute the corresponding meson spectra. 
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A Scalar mesons with uq = u\ 

In this appendix we find the equation that allows to compute the spectrum of scalar 
mesons in the non-critical D4-D4-D4 system in the case when the flavor D4-D4 probes 
are extended along u at a fixed value of r], i.e in the case when one takes Uq = ua and 
a = 0. The discussion closely follows that in [TH] . 

Let us define new coordinates for the {u, rj) plane of the metric ()2.1jl : 



27r 5ma 



(A.i; 



so that the period of fj is 2tt. The metric in the {u, rf) plane reads, in the new coordinates: 
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where we have defined: 
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The probe brane is located at a fixed value of the angle fj, say, fj = j so, in the new 
coordinates, the brane is extended in z at y = 0. We want to study small fluctuations 
around this embedding so we now consider y{x^, z) and just keep terms in y up to 
quadratic order. It is easy to verify that the action (jH.lj) is: 
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where a dot denotes derivative with respect to z and T = T^e ''rw — • Finally, in order 
to simplify this expression, let us define: 

u,{z) = {ul + ulz'^)'^ (A.6) 
and subtract a total derivative dz (uihzy'^/{2u\)) so we find: 
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We want to obtain the spectrum of normalizable small fluctuations associated to the 
action ()A.7|) . From the four- dimensional point of view, they correspond to (pseudo) 
scalar excitations. It will be useful to define several quantities: 

Z^— , K^(^y = 1 + Z\ (A.8) 

In terms of these quantities, the action for the fluctuation reads: 



Sn, = -^T^ I d'xdZ 



u 
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2 ' 2 V5 



(A.9) 

Now, by expanding: 

oo 

y{x^,Z) = J2i^^''\^nPin){Z) (A.IO) 

n=l 

the equation for the set of reads: 

-K^O dz{K^^dzPin)) + \K^^Pin) = Pin) , (A.ll) 

and the orthonormality condition is: 

4 fRAdS f dZK-T-Op^^)p^^^ = 5mn (A. 12) 
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Notice that from equation ()A.11|) . it is easy to find out the behavior of the p(„) at infinity: 

limp(„)~CiZ + -^ (A.13) 

From ()A.12|) we see that normalizability of the mode requires Ci = thus yielding a 
discrete spectrum. Since ()A.11|) is invariant under Z —Z the solutions have well 
defined (odd or even) parity under this transformation, leading to mesons of different 
parity and charge conjugation as discussed in jTH|. There are, therefore, two possible 
boundary conditions at Z = 0: 

azP(„)(0) = ^ 0++ (oddn) 

P(„)(0) = (even n) (A. 14) 

The values obtained numerically by inserting these conditions on ()A.11|) and requiring 
normalizability are reported on the main text ()3.3()|1 . 
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B Spinning open string calculation details 

In this appendix we report the calculations of the spectrum of large angular momentum 
mesons, evaluated form the dual non-critical background. The calculation is very similar 
to what has been done in some critical examples [SI 123 • 

We start from a set of coordinates for the transverse space to the D4 color branes, 
which is closely related to the one introduced in (jA.ljl . Let us take 



with respect to which the metric reads 

( -^)\l+o')U-(dx'?+(dx'?+dR'+R'dd')+^R' I + 



= [-Rf^J i^+p')H-{dxr+{dxr+dR'+R'd<j>')+-Ii^,s [TT?^ {i + p2)l 

(B.2) 

Since we consider an open string rotating on the plane, that is along the 

angle 0, we take the following ansatz for the motion of the string 

X° = r (f) = ujT = const. (B.3) 

R{a, t) = R{a) p{a, r) = p{a) fi{a, r) = //(a) (B.4) 

Moreover, the endpoints of the string need to be attached to the probe D4, that is 

p(±f ) = p{udM) (B.5) 

where uoAiv) is the profile of the probe D4-brane ()3.4|) . The Nambu-Goto action for this 
configuration reads then 
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where is the string worldsheet metric induced by the background ()B.2|) . and 
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T,^^{^] (B.7) 



is the effective tension for a string stretching close to the horizon of the AdS^ black hole 
(El M. 
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The action ()B.6|) is independent of X° and 0, therefore the following quantities are 
conserved 



E = Tgj c/or(l + p2)§^ 
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The variation of the action with respect to fj' is given by 
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and since the action does not depend on f/, for the above variation to vanish it must be 
either = or p = 0. For uq > u\ only the first condition can be satisfied, and moreover 
setting fj' = always lowers the energy, as can be easily seen from ()B.8|1 . Therefore from 
now on we take fj to be constant for the embedding of the open string. 

The total variation of the open string action ()B.6|) reads, after integrating by parts. 
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^/2 _j_ 4 -f^ldg 



25^u5^(l+p2)7/5 



p'5p 



25 < (l+p2)7/5 



(B.ll) 
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The boundary term in the last hne fixes the boundary conditions for the endpoints of 
the open string. There are two ways to set this term to zero 

/ 7r\ f R'5R\ , . = 

ujR(±-] = 1 or I , , , '"=^2 (B.12) 

It has been shown in |Hj that for a configuration similar to ours, imposing that the string 
endpoints move at the velocity of light does not allow for both of them to be attached 
to the same brane. Therefore the first condition in ()B.12|) has to be discarded. We are 
only left, then, with the second set of boundary conditions. For the first condition in this 
set, we notice that the probe brane lies along the R direction, and therefore it is natural 
to impose R' = while leaving SR arbitrary: the string attaches perpendicularly to the 
brane, but its endpoints can move freely over it. For the last condition, it is sufficient 
to notice that the minimal energy condition requires the endpoints of the string to be as 
close as possible to the horizon of the black hole, that is the string needs to be attached 
to the lowest point of the probe brane 

p (±1) = p{uo) = po (B.13) 

and therefore 

Sp{±l)=0 (B.14) 

which satisfies the remaining boundary condition ()B.12|) . 

There are two possible convenient choices to gauge the a parameterization invariance 
of the string worldsheet, either R = a or p = a. In the first case, the equation of motion 
coming from setting (jB.llj) to zero reads 

" = '1 + p¥4 - ^ (l + "'LJ - (B.15) 



p' 5 l + p2 i?4^^^ P' l-UJ^^y 25 Ul (l + p2)7/5 

while fixing p = a one obtains 



-R^TTT?^^R^s^^ ^ R'{i-^'m \ ^ ul (i + p^/V " 

(B.16) 

Rotating long string analysis 

These equations are quite involved and most probably finding an exact solution might 
prove impossible. Nonetheless a numerical solution can certainly be found, by imposing 
appropriate boundary conditions. For the moment let us focus, though, on an interesting 
limit. When the distance 2Rq between the open string endpoints is very large, the angular 
velocity needs to be really small (for fixed quark masses) and the string configuration 
resembles very much the one encountered in the Wilson loop calculation. To a fairly 
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good extent, therefore, it can be approximated by a piecewise-straight string with two 
sides stretching along the p direction from the probe brane to the black hole horizon at 
p = and a third piece lying along the R direction at p = 0. This configuration has 
to be supplemented by an additional set of boundary conditions, requiring that the two 
internal vertices of the string (we can always choose a parameterization in which they 
are at a = ±a) connecting the "vertical" and "horizontal" straight pieces, have to lie on 
the horizon of the black hole 

p(±a) = 5p|,=±, = (B.17) 

By substituting this simplifying ansatz in the Nambu-Goto action variation ()B.11|) . 
the only surviving terms are 



(B.18) 



and stationarity of the action can be achieved only by imposing 5R{a, r) = 5R{t) and 
enforcing the relation 

Tqil - u^Rl) = to^Rorriq (B.19) 
where, in these coordinates, the definition ()3.5p reads: 

1 /-^o 1 2uA dp 

Apart from the dependence of the effective string tension Tg on the ratio u\/RAdSy 
equation ()B.19|) is the same as the relation obtained in Equation ()B.19|) can be 

easily solved for Rq 



nin 



4r2 



We can now evaluate the energy and angular momentum of the string configuration 
in the limit of large Rq. We find 

E = ^ f 'f^'' + arcsin(.;i?o)l (B.22) 
UJ \ ujRq j 

J = ^ (^Rq^Ji-uj^RI + arcsin(cji?o)^ (B.23) 
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where the interquark distance 2Rq is determined in terms of the quarks' mass and angular 
velocity u through ()B.21|) . These relations are solidly reliable only in the large J limit 
which, for fixed m^, is the one corresponding to the small u region. In this regime it 
is easy to show that Rq ^ l/u and the energy and angular momentum of the string 
configuration satisfy a Regge law 

= 27iTgJ (B.24) 

Rotating short strings analysis 

We analyze here the limit in which a; — > oo and therefore Rq 0. Since the string 
is very short, it does not really get affected by the particular background where it is 
embedded and we will recover a result very similar to that found in |H] . 

Let us consider: 

p = Po + 5piR) (B.25) 
Keeping only leading order terms® in (5p we find from ()B.15|) : 

5p" -K- — ^ V = (B.26) 

where the constant K has been defined as: 

i^ = 5^(l + Po)'/Vo (B.27) 

This equation of motion has to be supplemented with the initial condition 5p'(0) = 0, 
coming from the R —R symmetry of the problem. It is immediate to find: 

6p' = ^+ (B.28) 
2 2cuVl - R^uj^ 

Since we need Sp'{Ro) = oo, we have Rq uj^^. Substituting in ()B.8j) and ()B.9j) one 
finds that at leading u; ^ oo order, E oc uj^^ and J oc u;~^ so there is again a Regge 
behavior 

E^ = 27lTeffJ (B.29) 

with: 

Notice that r^jf > Tg. 



^We are assuming 1 ^ (i+p'^) ' ' /5 ' ^^^^ except near the endpoints where of course p' ^ oo. 

What happens here is analogous to |H]. 
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